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With the aid of symbolic computation, the sinh-Gordon equation expansion method is extended to
seek Jacobi elliptic function solutions of (2+1)-dimensional long wave-short wave resonance inter-
action equation, which describe the long and short waves propagation at an angle to each other in a
two-layer fluid. As a result, new Jacobi elliptic function solutions are obtained. When the modulus
m of Jacobi elliptic functions approaches 1, we also deduce the singular oliton solutions; while when
the modulus m → 0, we get the trigonometric function solutions. — PACS: 02.30.Jr, 03.40.Kf
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There exist many nonlinear wave equations in fluid
mechanics, such as the Korteweg-de Vries equation,
the Boussinesq equation, the (2+1)-dimensional dis-
persive long wave equation in shallow water, etc. [1].
Equations which describe the interaction of long and
short waves have also been considered [2 – 4]. A sim-
ple scenario is the propagation of waves in a two-layer
fluid, where the long and short waves are the inter-
facial and the surface waves, respectively. In 1989,
Oikawa et al. [5] extended such long-short resonance
to (2+1)-dimensions by incorporating the propagation
of oblique waves. The (2+1)-dimensional long wave-
short wave resonance interaction equation can be writ-
ten as

Sxx −LS− i(St + Sy) = 0, (1)

Lt − (2SS∗)x = 0, (2)

where L and S denote the long interfacial wave and
the short surface wave packets, respectively, and S ∗ is
the complex conjugate of S. This system describes the
long and short wave propagation at an angle to each
other in a two-layer fluid. It has been shown that (1)
and (2) possess the bright and the dark double-soliton
solutions [6], position and dromion solutions [7], and
coherent soliton structures [8]. To our knowledge, the
elliptic function solutions of this system were not con-
sidered before. More recently we presented a powerful
method [9] to seek Jacobi elliptic function solutions

0932–0784 / 04 / 0100–0023 $ 06.00 c© 2004 Verlag der Zeitschrift für Naturforschung, Tübingen · http://znaturforsch.com

based on the sinh-Gordon equation. In this paper we
will extend this method to (1) and (2). With the aid of
symbolic computation, we obtain three families of Ja-
cobi elliptic function solutions. When the modulus of
Jacobi elliptic functions approaches 1, we also deduce
the singular soliton solutions while when the modulus
is closest to 0, we get the trigonometric function solu-
tions.

In order to solve (1) and (2) by using our method,
we first reduce (1) and (2) to a system of ordinary dif-
ferential equations. We make the transformations

S(x,y, t) = S(ξ )exp(iη), L(x,y, t) = L(ξ ), (3)

ξ = k(x+ ly−λ t), η = αx+ β y+ γt, (4)

where ξ and η are real parameters and k, l,λ ,α,β ,γ
are constants.

The substitution of (3) and (4) into (1) and (2) yields

i(2α −λ − l)k exp(iη)
dS
dξ

+
[
k2 d2S

dξ 2 +(γ + β )S−SL
]

exp(iη) = 0,
(5)

λ
dL
dξ

−2
dS2

dξ
= 0. (6)

From (6) we get

L =
1
λ

(2S2 +C), (7)
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where C is the constant of integration. From (5) we
have

2α −λ − l = 0, i.e., λ = 2α − l, (8)

and

k2 d2S
dξ 2 +(γ + β )S−SL = 0, (9)

From (7) and (9) we eliminate L and get

k2 d2S
dξ 2 +(γ + β − C

λ
)S− 2

λ
S3 = 0. (10)

Therefore we use (3), (4), (7), (8) to reduce (1) and (2)
to one nonlinear ODE (10). If we can find elliptic func-
tion solutions of (10), we can obtain the corresponding
solutions of (1) and (2).

According to the sinh-Gordon expansion method [9]
we assume that (10) has the solution

S(ξ ) = A0 + A1 sinhw(ξ )+ B1 coshw(ξ ), (11)

where the new variable w satisfies the equation

d2w
dξ 2 = sinhwcoshw, (12)

or in another form

(
dw
dξ

)2 = sinh2 w+ 1−m2, (13)

Remark: It is easy to see that (12) or (13) has the
solution

sinh[w(ξ )] = cs(ξ ;m) (14a)

or
cosh[w(ξ )] = ns(ξ ;m), (14b)

where cs(ξ ;m) and ns(ξ ;m) are Jacobi elliptic func-
tions and have the properties [10]

dcs(ξ ;m)
dξ

= −ns(ξ ;m)ds(ξ ;m),

dns(ξ ;m)
dξ

= −cs(ξ ;m)ds(ξ ;m), (15)

ns2(ξ ;m) = 1+ cs2(ξ ;m).

Substituting (11) into (10) along with (12) and (13),
with the aid of symbolic computation we get the sys-
tem of equations

−6A2
1B1 −2B3

1 + 2B1k2λ = 0, (16)

−CA0 +γλ A0−2A3
0 +6A0A2

1 +λ β A0 = 0, (17)

−6A2
0B1 +(−C + λ γ + λ β )B1 + 6B1A2

1

−2λ k2B1 + k2λ (1−m2)B1 = 0.
(18)

(β λ + γλ −C− k2λ )A1 + k2λ (1−m2)A1

−6A2
0A1 + 2A3

1 = 0,
(19)

−12A0A1B1 = 0, (20)

−6A0A2
1 −6A0B2

1 = 0, (21)

−6B2
1A1 −2A3

1 + 2k2λ A1 = 0. (22)

With the aid of Maple we solve the system and get the
following solutions:

A0 = B1 = 0,

k = ±
√

C−λ (γ + β )
λ (2−m2)

, A1 = ±
√

C−λ (γ + β )
2−m2 ,

(23)

A0 = A1 = 0,

k = ±
√

λ (γ + β )−C
λ (1+ m2)

, B1 = ±
√

λ (γ + β )−C
1+ m2 ,

(24)

A0 = 0,

k = ±
√

2C−2λ (γ + β )
λ (1−2m2)

,

A1 = B1 = ±
√

C−λ (γ + β )
2(1−2m2)

,

(25)

A0 = 0,

k = ±
√

2C−2λ (γ + β )
λ (1−2m2)

,

A1 = −B1 = ±
√

C−λ (γ + β )
2(1−2m2)

.

(26)

Therefore we get three Jacobi elliptic function solu-
tions:

S1(x,y, t) = ±
√

C−λ (γ + β )
2−m2

· cs

[
±

√
C−λ (γ + β )

λ (2−m2)
(x− ly+ λ t)

]

· exp[i(αx+ β y+ γt)], (27a)
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Fig. 1. L1 in (27b) at t = 0 with C = 0, m = 1, λ = −1,
β = 1, γ = −2, l = 3.

Fig. 2. L1 in (27b) at t = 0 with C = 0, m = 1/2, λ = −1,
β = 1, γ = −2; l = 3.

L1(x,y, t) =
2[C−λ (γ + β )]

λ (2−m2)

· cs2

[
±

√
C−λ (γ + β )

λ (2−m2)
(x− ly+ λ t)

]
+

C
λ

, (27b)

S2(x,y, t) = ±
√

λ (γ + β )−C
1+ m2

· ns

[
±

√
λ (γ + β )−C

λ (1+ m2)
(x− ly+ λ t)

]

· exp[i(αx+ β y+ γt)], (28a)

Fig. 3. L1 in (27b) at t = 0 with C = 0, m = 0, λ = −1,
β = 1, γ = −2, l = 3.

Fig. 4. L2 in (28b) at t = 0 with C = 0, m = 1, λ = 1, β =−1,
γ = 2, l = −1.

L2(x,y, t) =
2[λ (γ + β )−C]

λ (1+ m2)

· ns2

[
±

√
λ (γ + β )−C

λ (1+ m2)
(x− ly+ λ t)

]
+

C
λ

, (28b)

S3(x,y, t) = ±
√

C−λ (γ + β )
2(1−2m2)

·
{

cs

[
±

√
2C−2λ (γ + β )

λ (1−2m2)
(x− ly+ λ t)

]

+ µns

[
±

√
2C−2λ (γ + β )

λ (1−2m2)
(x− ly+ λ t)

]}

· exp [i(αx+ β y+ γt)], (29a)
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Fig. 5. L2 in (28b) at t = 0 with C = 0, m = 1/2, λ = 1,
β = −1, γ = 2, l = −1.

Fig. 6. L2 in (28b) at t = 0 with C = 0, m = 0, λ = 1, β =−1,
γ = 2, l = −1.

L3(x,y, t) =
C−λ (γ + β )
λ (1−2m2)

·
{

2cs2

[
±

√
2C−2λ (γ + β )

λ (1−2m2)
(x− ly+ λ t)

]
+ 1

+ 2µcs

[
±

√
2C−2λ (γ + β )

λ (1−2m2)
(x− ly+ λ t)

]

· ns

[
±

√
2C−2λ (γ + β )

λ (1−2m2)
(x− ly+ λ t)

]}
, (29b)

where µ =±1. In particular, when the modulus m→ 1,
the solutions (27) – (29) approach the singular soliton

Fig. 7. L3 in (29b) at t = 0 with C = 0, m = 1, λ = 1, β = 1/2,
γ = 1/2, l = 30, µ = −1.

Fig. 8. L3 in (29b) at t = 0 with C = 0, m = 1/2, λ = 1, β = 1,
γ = −2, l = 3,µ = −1.

solutions

S4(x,y, t) = ±
√

C−λ (γ + β )

· csch

[
±

√
C−λ (γ + β )

λ
(x− ly+ λ t)

]

· exp [i(αx+ β y+ γt)], (30a)
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Fig. 9. L3 in (29b) at t = 0 with C = 0, m = 0, λ = 1, β = 1,
γ = −2, l = 3, µ = −1.

L4(x,y, t) =
2[C−λ (γ + β )]

λ

· csch2
[
±

√
C−λ (γ + β )

λ
(x− ly+λ t)

]
+

C
λ

, (30b)

S5(x,y, t) = ±
√

λ (γ + β )−C
2

· coth

[
±

√
λ (γ + β )−C

2λ
(x− ly+ λ t)

]

· exp[i(αx+ β y+ γt)], (31a)

L5(x,y, t) =
λ (γ + β )−C

λ

· coth2
[
±

√
λ (γ + β )−C

2λ
(x− ly+λ t)

]
+

C
λ

, (31b)

S6(x,y, t) = ±
√

λ (γ + β )−C
2

·
{

csch
[
±

√
2λ (γ + β )−2C

λ
(x− ly+ λ t)

]

+ µ coth

[
±

√
2λ (γ + β )−2C

λ
(x− ly+λ t)

]}

· exp[i(αx+ β y+ γt)], (32a)

L6(x,y, t) =
λ (γ + β )−C

λ

·
{
{2csch2

[
±

√
2λ (γ + β )−2C

λ
(x− ly+ λ t)

]
+ 1

+ 2µcsch

[
±

√
2λ (γ + β )−2C

λ
(x− ly+ λ t)

]

· coth

[
±

√
2λ (γ + β )−2C

λ
(x− ly+λ t)

]
(32b)

These singular solutions imply that at a certain time
t = t0, there exists the point (x0,y0) at which the wave
will blow up.

While, when the modulus m → 1, the solutions
(27) – (29) approach the trigonometric function solu-
tions

S7(x,y, t) = ±
√

C−λ (γ + β )
2

· cot

[
±

√
C−λ (γ + β )

2λ
(x− ly+ λ t)

]

· exp[i(αx+ β y+ γt)], (33a)

L1(x,y, t) =
C−λ (γ + β )

λ

· cot2
[
±

√
C−λ (γ + β )

2λ
(x− ly+ λ t)

]
+

C
λ

, (33b)

S8(x,y, t) = ±
√

λ (γ + β )−C

· csc

[
±

√
λ (γ + β )−C

λ
(x− ly+ λ t)

]

· exp[i(αx+ β y+ γt)], (34a)

L8(x,y, t) =
2[λ (γ + β )−C]

λ

· csc2

[
±

√
λ (γ + β )−C

λ
(x− ly+ λ t)

]
+

C
λ

, (34b)

S9(x,y, t) = ±
√

C−λ (γ + β )
2

·
{

cot

[
±

√
2C−2λ (γ + β )

λ
(x− ly+ λ t)

]
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+ µ csc

[
±

√
2C−2λ (γ + β )

λ
(x− ly+ λ t)

]}

· exp[i(αx+ β y+ γt)], (35a)

L9(x,y, t) =
C−λ (γ + β )

λ

·
{

2cot2
[
±

√
2C−2λ (γ + β )

λ
(x− ly+ λ t)

]
+ 1

+ 2µ cot

[
±

√
2C−2λ (γ + β )

λ
(x− ly+ λ t)

]

· csc

[
±

√
2C−2λ (γ + β )

λ
(x− ly+λ t)

]}
. (35b)

The profiles of the above-mentioned solutions of (2)
are described in Figures 1 – 9.

Remark: In the solutions (27b), (28b) and (29b), we
take the positive sign +. Similarly, we also make the
corresponding figures of the modulus |S i| of solutions
Si(i = 1,2,3) in (27a), (28a) and (29a).

In summary, we have extended the sinh-Gordon
equation expansion method [9] to a pair of (2+1)-
dimensional long wave-short wave resonance interac-
tion equations. As a result, three Jacobi elliptic func-
tion solutions are obtained. When the modulus of the
Jacobi elliptic functions approaches 1, we also deduce
the singular soliton solutions; while when the modu-
lus m→ 0, we get the trigonometric function solutions.
Further study is needed to see whether (1) and (2) have
other elliptic function solutions.

Acknowledgements

The author would like to thank the referee so much
for some valuable suggestions.

[1] M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlin-
ear Evolution Equations and Inverse Scattering, Cam-
bridge University Press, Cambridge 1991.

[2] D. J. Benney, Stud. Appl. Math. 55, 93 (1976).
[3] M. Funakoshi and M. Oikawa, J. Phys. Soc. Japan 52,

1982 (1983).
[4] C. G. Koop and L. G. Redekopp, J. Fluid Mech. 79, 703

(1977).
[5] M. Oikawa, J. Phys. Soc. Japan 58, 4416 (1989).

[6] M. Boit, Phys. Lett. A 132, 432 (1988).
[7] D. W. C. Lai and K. W. Kai, J. Phys. Soc. Japan 68,

1847 (1999).
[8] W. H. Huang, Chin. Phys. 11, 1101 (2002).
[9] Z. Y. Yan, Chaos, Solitons, and Fractals 16, 291 (2003);

Z. Y. Yan, J. Phys. A 36, 1961 (2003).
[10] D. V. Patrick, Elliptic Function and Elliptic Curves,

Cambridge University Press, Cambridge 1973.


